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A Result on Spreads of the Generalized Quadrangle T2(O), with O an
Oval Arising from a Flock, and Applications
J. A. THAS
If F is a flock of the quadratic cone K of PG(3, q), q even, then the corresponding generalized
quadrangle S(F) of order (q2, q) has subquadrangles T2(O), with O an oval, of order q . We prove
in a geometrical way that any such T2(O) has spreads S consisting of an element y ∈ O and the q2
lines not in the plane PG(2, q) of O of q quadratic cones Kx , x ∈ O − {y}, of the space PG(3, q)
containing T2(O), where Kx has vertex x , is tangent to PG(2, q) at xy and has nucleus line xn, with
n the nucleus of O . We also show how the oval O can be directly constructed from the flock F .
c© 2001 Academic Press
1. INTRODUCTION
Let F be a flock of the quadratic cone K of PG(3, q), q even, and let S(F) be the corre-
sponding generalized quadrangle of order (q2, q). Then S(F) has at least q3 + q2 subquad-
rangles S ′ of order q , and, by Payne [9], each of them is a T2(O) of Tits, with O an oval of
PG(2, q). The hyperovals arising from the ovals O are exactly the elements of the herd of
hyperovals defined by the flock F ; herds of hyperovals were introduced by Cherowitzo et al.
in [2].
If M is a line of S(F) not in the subquadrangle T2(O), then M defines a spread SM of
T2(O). We show that SM consists of an element y ∈ O and the q2 lines not in PG(2, q) of q
quadratic cones Kx , with vertex x in O − {y}, of the space PG(3, q) containing T2(O). There
is an independent algebraic proof of this in Brown et al. [1], but the proof given here is purely
geometric.
This knowledge of the structure of the spreads SM gives us a necessary condition for a
generalized quadrangle T2(O) of order q, q even, to be a subquadrangle of a flock quadrangle
S(F) and for an oval O to arise from a flock. So it is a step towards the classification of all
ovals of PG(2, q), q even.
Knowing the structure of the spreads SM it is not difficult to directly construct from a given
flock F , in a pure geometrical way, all hyperovals of the herd defined by F . This problem has
intrigued all geometers working on hyperovals and flocks for quite a while.
2. FLOCKS, PLANES, GENERALIZED QUADRANGLES AND HYPEROVALS
Let K be a quadratic cone with vertex x in PG(3, q). A partition of K − {x} into q disjoint
conics is called a flock of K . If L is a line of PG(3, q) having no points in common with K ,
then the q planes through L , but not through x , intersect K in the elements of a flock F . Such
a flock is called linear.
Independently, Thas and Walker [20] (see also Fisher and Thas [3]), discovered that for each
flock F of K there corresponds a translation plane of order q2 and dimension at most two over
its kernel. Payne [8, 9], Kantor [5, 6] and Thas [15] showed that with F there corresponds a
generalized quadrangle S(F) of order (q2, q). In fact it was shown by Thas [15] that with F
there corresponds a q-clan.
Let X0 X1 = X22 be the equation of K and let
pii : xi X0 + zi X1 + yi X2 + X3 = 0
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be a plane not containing the vertex (0, 0, 0, 1) of K , i = 1, 2, . . . , q . Then the q conics
Ci = pii ∩ K , i = 1, 2, . . . , k form a flock of K if and only if for q odd
(yi − y j )2 − 4(xi − x j )(zi − z j ) is a nonsquare whenever i 6= j,
and for q even
tr((xi + x j )(zi + z j )(yi + y j )−2) = 1 whenever i 6= j.
For q even we can put xi = xt , zi = zt , yi = t with t ∈ GF(q), and without loss of
generality we may assume that x0 = z0 = 0. By Cherowitzo et al. [2], the pointset
F(a1, a2) = {(0, 0, 1), (0, 1, 0)} ∪ {(1, a21 xt + a1a2t + a22 zt , t2) ‖ t ∈ GF(q)}
of PG(2, q) is a hyperoval for all (a1, a2) 6= (0, 0). Such a set of hyperovals is called a herd
of hyperovals.
Exploiting the relationship between flocks, planes, generalized quadrangles and hyper-
ovals, several new infinite classes (and also sporadic examples) of each of these objects were
discovered.
3. REGULARITY, 3-REGULARITY, PROPERTY (G), AND FLOCK GENERALIZED
QUADRANGLES
For terminology, notation, results, etc. concerning finite generalized quadrangles (GQ) and
not explicitly given here, see the monograph of Payne and Thas [11] denoted FGQ.
Let S = (P, B, I) be a finite GQ of order (s, t). If x ∼ x ′, x 6= x ′, or if x 6∼ x ′ and
|{x, x ′}⊥⊥| = t +1, where x, x ′ ∈ P , we say the pair {x, x ′} is regular. The point x is regular
provided {x, x ′} is regular for all x ′ ∈ P, x ′ 6= x . Regularity for lines is defined dually.
If s2 = t > 1, then |{x, y, z}⊥| = s + 1 for any triple {x, y, z} of pairwise noncollinear
points; see 1.2.4 of FGQ. Evidently |{x, y, z}⊥⊥| ≤ s + 1. We say {x, y, z} is 3-regular
provided |{x, y, z}⊥⊥| = s + 1. The point x is 3-regular if and only if each triple {x, y, z} of
pairwise noncollinear points is 3-regular. Next, let x1, y1 be distinct collinear points of the GQ
S = (P, B, I) of order (s, s2), s 6= 1. We say that the pair {x1, y1} has Property (G), or that
S has Property (G) at {x1, y1}, if every triple {x1, x2, x3} of points, with x1, x2, x3 pairwise
noncollinear and y1 ∈ {x1, x2, x3}⊥, is 3-regular. The GQ S has Property (G) at the line L , or
the line L has Property (G), if each pair of points {x, y}, x 6= y and x I L I y, has Property
(G). If (x, L) is a flag, that is, if x I L , then we say that S has Property (G) at (x, L), or that
(x, L) has Property (G), if every pair {x, y}, x 6= y and y I L , has Property (G). It is clear that
the point x is 3-regular if and only if (x, L) has Property (G) for each line L incident with x .
Clearly all these definitions are dualized for GQs of order (t2, t), t 6= 1.
Property (G) was introduced by Payne [10]; in this interesting paper Payne proves that the
GQ S(F) of order (q2, q) arising from any flock F has Property (G) at its point (∞).
4. 3-REGULARITY, SUBQUADRANGLES, SPREADS
The following theorem is due to Thas [14].
THEOREM 4.1. Let {x, y, z} be a regular triple of the GQ S = (P, B, I) of order (s, s2), s
even. If P ′ is the set of all points incident with lines of the form uw, u ∈ X = {x, y, z}⊥ and
w ∈ Y = {x, y, z}⊥⊥, if B ′ is the set of all lines in B which are incident with at least two
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points of P ′, and if I′ is the restriction of I to (P ′× B ′)∪ (B ′× P ′), then S ′ = (P ′, B ′, I′) is a
subquadrangle of order s of S. Also, {x, y} is a regular pair of S ′, with {x, y}⊥′ = {x, y, z}⊥
and {x, y}⊥′⊥′ = {x, y, z}⊥⊥ (here ‘⊥′’ is perpendicularity relative to S ′).
Let S ′ = (P ′, B ′, I′) be a subquadrangle of order s of a GQ S = (P, B, I) of order (s, s2),
s 6= 1. If x ∈ P − P ′ then S ′ has exactly s2 + 1 points collinear with x . These points form an
ovoid Ox of S ′, that is, a set of points such that every line of S ′ is incident with exactly one
point of Ox ; see also Theorem 2.2.1 of FGQ. In the dual case one obtains a spread SM of the
subquadrangle , that is, a set of lines such that every point of the subquadrangle is incident
with exactly one line of SM .
Now we will consider the particular case where S = S(F) is the GQ of order (s2, s) arising
from a flock F .
THEOREM 4.2. If S(F) is a GQ of order (s2, s), s even, arising from a flock, then it has at
least s3 + s2 subquadrangles of order s.
PROOF. Let S(F) be a GQ of order (s2, s), s even, arising from a flock. By Payne [10] the
point (∞) of S(F) has Property (G).
Now we consider any GQ S of order (s, s2), s even, having Property (G) at some line L .
Let x1 I L , y1 I L , x1 6= y1, and assume that y1, y2, y3 are mutually noncollinear points with
x1 ∈ {y1, y2, y3}⊥. Thus, by Theorem 3.1, {y1, y2, y3}⊥ ∪ {y1, y2, y3}⊥⊥ is contained in a
subquadrangle S ′ of order s of S. By Theorem 3.2.1 of Thas [16] all points of L are regular
in S ′, L is regular in S ′ and L is regular in S. Now we count the number of subquadrangles S ′.
The ordered 4-tuples (x1, y1, y2, y3) can be chosen in s5(s2−1)(s+1) ways. Each of them
defines a subquadrangle S ′. Now we count the number of ordered 4-tuples (x1, y1, y2, y3)
which define a common subquadrangle. In S ′ the point x1 can be chosen in s+1 ways, y1 in s
ways, y2 in s2 ways, and for y3 we may take any of the s−1 points in {y1, y2}⊥′−{y1, y2}. This
gives, in total, s3(s2−1) choices. So the number of subquadrangles S ′ is equal to s2(s+1).2
Let S(F) be a GQ of order (s2, s), s even, arising from a flock, and let S ′ be one of the
s3+ s2 subquadrangles of order s. If M is any line of S(F) not in S ′, then M defines a spread
SM of S ′.
Payne [9] proves that any of the s3 + s2 subquadrangles S ′ is a T2(O) of Tits, with O an
oval of PG(2, s). The hyperovals arising from the ovals O are exactly the elements of the herd
of hyperovals defined by the flock F (see Section 2).
5. SPREADS OF THE SUBQUADRANGLES T2(O) OF S(F)
Let S(F) be the GQ of order (q2, q) arising from the flock F of the quadratic cone K in
PG(3, q), q even. By Theorem 4.2 S(F) has at least q3 + q2 subquadrangles of order q . Let
S ′ = T2(O), O an oval of PG(2, q), be one of these subquadrangles. The point (∞) of S(F)
is the point (∞) of T2(O), and the lines of S(F) incident with (∞) are the lines of type (b)
of T2(O), that is, the points of the oval O; see 3.1.2 of FGQ and Payne [9]. Now let M be a
line of S(F) not belonging to T2(O), and let SM be the corresponding spread of T2(O).
THEOREM 5.1. The q2 + 1 lines of SM are a point y ∈ O and the q2 lines not in PG(2, q)
of q quadratic cones Kx , x ∈ O − {y}, of the space PG(3, q) containing T2(O), where Kx
has vertex x, is tangent to PG(2, q) at xy and has nucleus line xn, with n the nucleus of O.
PROOF. Let S be a GQ of order (q, q2), q even, containing a line L which has Prop-
erty (G). Further, let x1 I L I y1, x1 6= y1, and let x1 ∈ {y1, y2, y3}⊥ with y1, y2, y3
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mutually noncollinear points. By Theorem 4.1 the set {y1, y2, y3}⊥ ∪ {y1, y2, y3}⊥⊥ is con-
tained in a subquadrangle S ′ of order q . Let w be a point of S not in S ′, and let Ow be the
ovoid of S ′ induced by w. The point incident with x1 y1 which is collinear with w will be
denoted by z.
Now assume that S is the dual of a flock GQ S(F), with F a flock of the quadratic cone K
of PG(3, q). Then S ′ is the dual of a T2(O) of Tits, with O some oval of PG(2, q). The q + 1
points of S ′ incident with L are the q + 1 lines of type (b) of T2(O). If z, z1, z2, . . . , zq are
the points incident with L , then Ow = {z} ∪ V1 ∪ V2 ∪ · · · ∪ Vq with Vi consisting of the q
points of z⊥i − {z} collinear with w, i = 1, 2, . . . , q .
Consider the AG(3, q) = Sxy defined by any pair {x, y}, with x I L I y, x 6= y; see Sec-
tion 3 of Thas [16]. Further, let u I L , with u /∈ {x, y}, and let u1 ∈ x⊥′ , u1 /∈ u⊥′ , with
‘⊥′’ perpendicularity relative to S ′. Then {u, u1}⊥′⊥′ = {u, u1, u2}⊥⊥ = C for the q − 1
points u2 ∈ {u, u1}⊥′⊥′ − {u, u1}. Let x ′1 ∈ {u, u1, u2}⊥ − {x}, that is, x ′1 ∈ {u, u1}⊥
′ − {x}.
By Section 3 of Thas [16] the points incident with the lines xr , with r ∈ C − {u}, con-
stitute an affine plane AG(2, q) of AG(3, q). Also, by Section 6 of Thas [17] and with the
notations of that paper, the set (C − {u}) ∪ {(∞)} is a conic of the projective comple-
tion η of AG(2, q) which is tangent to the line pi∞ ∩ η at the point (∞). By Section 3
of Thas [16] the pair {x,C} defines a Laguerre plane L. As, by a foregoing argument, the
circles of L are the q3 − q2 conics of η which are tangent to pi∞ ∩ η at (∞), together
with the q2 lines of AG(2, q) not through (∞), the Laguerre plane L is classical, that is,
is Miquelian.
Now we consider the projective plane pix defined by the regular point x of S ′; see Sec-
tion 1.3 of FGQ. The lines of pix are the q + 1 spans {x, l}⊥⊥, with l any point of L distinct
from x , together with q2 circles of L. If we identify L with the Laguerre plane defined by a
quadratic cone K of some PG(3, q), then the intersection line Z of the planes of any distinct
two of these q2 circles, say Ci and C j , contains the nucleus of Ci , respectively C j . Hence the
nucleus of Ci , respectively C j , is the intersection of Z with the nucleus line of K . It follows
that Ci and C j have a common nucleus. Consequently the q2 circles have a common nucleus
k. Projecting K from k onto a plane ζ of PG(3, q) not through k, the points and lines of pix
are mapped onto the points and lines of ζ .
Let x = zi . Then the set Vi ∪ {z} is a circle of L, but as w does not belong to S ′ it is not
a line of the plane pix , i = 1, 2, . . . , q. So Vi ∪ {z} is projected from k onto a conic Ci of
ζ, i = 1, 2, . . . , q. Hence Vi ∪ {z} is a conic of the plane pizi , with zi as nucleus.
The point zi I L is a line of type (b) of T2(O). In T2(O) the plane pizi has as points the
q2 lines of PG(3, q) containing zi but not contained in the plane PG(2, q) of O , and the
q + 1 points of O . If L1, L2 are distinct lines of PG(3, q) containing zi but not contained in
PG(2, q), then the line of pizi defined by L1, L2 has as points the q lines not in PG(2, q) of
the pencil containing L1, L2 together with either the point of O − {zi } in the plane 〈L1, L2〉
if 〈L1, L2〉 is not tangent to O , or the point zi in the other case; if L1 is a line of PG(3, q)
containing zi but not contained in PG(2, q), then the line of pizi defined by L1 and z′, with
z′ ∈ {z1, z2, . . . , zi−1, zi+1, . . . , zq , z}, has as points the q lines not in PG(2, q) of the pencil
containing L1, zi z′, together with the point z′; if L1 is a line of PG(3, q) containing zi but
not contained in PG(2, q), then the line of pizi defined by L1 and zi has as points the q lines
not in PG(2, q) of the pencil containing L1, L∗i , with L∗i the tangent line of O at zi , together
with the point zi ; finally, if z′, z′′ are distinct points of O , then the line of pizi defined by z′, z′′
consists of the q + 1 points of O .
It follows that in PG(3, q) the lines of Vi together with the line zi z form a quadratic cone
Ki with vertex zi , which is tangent to PG(2, q) at zi z and has L∗i as nucleus line. This proves
the theorem. 2
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REMARK 5.2. This theorem was independently proved in Brown et al. [1], see Theo-
rem A.7; here the proof is purely algebraic. This impressive paper contains many other in-
teresting results on spreads of GQ T2(O), with O an oval of some plane PG(2, q), q even.
COROLLARY 5.3. The oval O is a conic if and only if the flock F is linear.
PROOF. If the flock F is linear, then the GQ S(F) is isomorphic to the classical GQ
H(3, q2); see Section 10.6.1 of Payne and Thas [11]. In such a case any subquadrangle of
order q of S(F) is isomorphic to the classical GQ Q(4, q) ∼= W (q) and Q(4, q) ∼= T2(O)
with O a conic; see Payne and Thas [11]. Conversely, we assume that the oval O is a conic.
Then T2(O) ∼= Q(4, q). Also, Q(4, q) is isomorphic to the dual of the GQ W (q), with W (q)
the GQ arising from a symplectic polarity in PG(3, q). With the spread SM in the statement of
Theorem 5.1 there corresponds an ovoid O∗ of W (q), and hence of PG(3, q) (see Thas [13]),
consisting of q mutually tangent conics. By Glynn [4] the ovoid O∗ is an elliptic quadric,
hence the symplectic spread SM of W (q) ∼= T2(O) is regular. Now by Theorem 7.1 of Thas
and Payne [19] we have S(F) ∼= H(3, q2). It is well known that in such a case the flock
F is linear. 2
REMARK 5.4. Corollary 5.3 was already proved in O’Keefe and Penttila [7], but here we
present it as an illustration of how to apply Theorem 5.1.
6. OVALS AND FLOCKS
With the notation in the statement of Theorem 5.1, let N be a line of PG(2, q) which con-
tains y but not n, and let pi be a plane distinct from PG(2, q) which contains N . Further, let
N ∩ O = {y, x ′} and pi ∩ Kx = Cx with x ∈ O − {y, x ′}; the lines of Kx ′ in pi are x ′y and
W . Then the q − 1 conics Cx together with the line W correspond, by projection, with the
q elements of a flock F ′ of a quadratic cone K ′ of PG(3, q) (project the cone from a point
distinct from its vertex); see Section 7 of Thas [18].
Next, let ξ be a plane distinct from PG(2, q) which contains yn. Further, let ξ ∩ Kx = C ′x
with x ∈ O − {y}. Then the q conics C ′x correspond, by projection, with q conics C ′′x on a
quadratic cone K ′′ of PG(3, q) (project the cone from a point distinct from its vertex). As the
q conics C ′x have a common nucleus n, the conics C ′′x are mutually tangent at a common point
y′′. It follows that the q conics C ′′x have a common tangent line at y′′, and that the set of all
C ′x is unique up to an element of PGL(3, q).
Then Kx , with x 6= x ′, is the unique quadratic cone containing Cx and C ′x , and Kx ′ is the
unique cone with vertex x ′, {x ′} = W ∩ PG(2, q), and base C ′
x ′ ; remark that y ∈ Cx ∩C ′x and|Cx ∩ C ′x | = 2. The oval O consists of y and the vertices of these q cones.
So we have the following construction of ovals from a flock.
6.1. Construction of ovals from a flock (q even). Let PG(2, q), pi and ξ be three planes
of PG(3, q) having just one point y in common. Further, let N = pi ∩ PG(2, q), M = ξ ∩
PG(2, q), and U = ξ∩pi . In pi we consider q−1 conics C1,C2, . . . ,Cq−1 and a line W , where
the conics are mutually tangent to N at y and where {C1,C2, . . . ,Cq−1,W } corresponds, by
projection, with a flock F ′ of a quadratic cone K ′ of PG(3, q); so C1,C2, . . . ,Cq−1,W de-
fine a partition of pi − N , the nuclei of the q − 1 conics are the q − 1 points of N − {y, x ′}
with {x ′} = N ∩ W , and the intersection multiplicity of Ci and C j , i 6= j , is two at y. In ξ
we consider q conics C ′1,C ′2, . . . ,C ′q−1,C ′q , which are mutually tangent to M at y and where
{C ′1,C ′2, . . . ,C ′q} corresponds, by projection, with a set of q mutually tangent conics of a
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quadratic cone of PG(3, q); so C ′1,C ′2, . . . ,C ′q define a partition of ξ−M , the q conics have a
common nucleus n on M , and the intersection multiplicity of C ′i and C ′j , i 6= j , is four at y. In-
dices can be chosen in such a way that Ci∩C ′i = {y, wi }, withwi ∈ U and i = 1, 2, . . . , q−1.
Now let Ki be the quadratic cone containing Ci and C ′i , i = 1, 2, . . . , q − 1. If xi is the
vertex of Ki , then {x1, x2, . . . , xq−1, x ′, y} is an oval O with nucleus n. Then the hyperoval
O ∪ {n} belongs to the herd of hyperovals defined by the flock F ′.
Let K ′ have generators L0, L1, . . . , Lq and let ui ∈ L i , i = 0, 1, . . . , q and ui not the
vertex of K ′. Suppose that C i1,C
i
2, . . . ,C
i
q−1,Wi are obtained by projection of the elements
of F ′ from ui onto a plane (not containing ui ) and denote the corresponding hyperoval by Oi .
We will show that {O0, O1, . . . , Oq} is the herd of hyperovals defined by F ′.
Coordinates will be chosen as follows:
PG(2, q) : X0 = 0, pi : X1 = 0, ξ : X2 = 0.
Let
K ′ : X0 X1 = X22 and pit : xt X0 + zt X1 + t X2 + X3 = 0,
with {K ′ ∩ pit = C ′′′t ‖ t ∈ GF(q)} = F ′ and x0 = z0 = 0. On K ′ we choose the point
u(r2, 1, r, `). Let C ′′′t0 be defined by
xt0r
2 + zt0 + t0r + ` = 0.
Now we project C ′′′t , t ∈ GF(q) − {t0}, from u onto the plane X1 = 0. Then we obtain the
conic C∗t , t 6= t0, with equations
xt X20 + t X0 X2 + X0 X3 + (xtr2 + zt + r t + `)X22 = X1 = 0.
The plane of C ′′′t0 intersects X1 = 0 in the line W ∗ with equations
xt0 X0 + t0 X2 + X3 = X1 = 0.
So with (F ′, u) corresponds the set
{C∗t ‖ t ∈ GF(q)− {t0}} ∪ {W ∗} = F ′u .
If u(1, 0, 0, `), then we project on the plane X0 = 0 and obtain, respectively: C ′′′t0 is defined
by xt0 + ` = 0, C∗t , t 6= t0, has equations zt X21 + t X1 X2 + X1 X3 + (xt + `)X22 = X0 = 0,
W ∗ has equations zt0 X1 + t0 X2 + X3 = X0 = 0.
So with (F ′, u) corresponds the set
{C∗t ‖ t ∈ GF(q)− {t0}} ∪ {W ∗} = F ′′u .
Interchanging X0 and X1 we obtain a projectively equivalent F ′u , having as elements
C∗t : zt X20 + t X0 X2 + X0 X3 + (xt + `)X22 = X1 = 0 (t 6= t0),
W ∗ : zt0 X0 + t0 X2 + X3 = X1 = 0.
For the conics C ′1,C ′2, . . . ,C ′q of the plane ξ which are mutually tangent to X0 = X2 = 0
at y, and which correspond, by projection, to q mutually tangent conics of a quadratic cone
of PG(3, q), we can take
C ′s : s X20 + X21 + X0 X3 = X2 = 0, with s ∈ GF(q).
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The nucleus of C ′s is the point (0, 1, 0, 0).
Now we consider any point w of the line X1 = X2 = 0, with w 6= y and w 6∈ W ∗. Then
w(1, 0, 0, b), with b 6= xt0 if u 6∈ pi and b 6= zt0 if u ∈ pi . We have w ∈ C ′s if and only if
s = b and w ∈ C∗t if and only if xt = b for u 6∈ pi and zt = b for u ∈ pi . So the q − 1 pairs
of conics containing a common point on X1 = X2 = 0, not in X0 = 0 and not on W ∗, are
(C∗t ,C ′xt ), t 6= t0, for u 6∈ pi,
and
(C∗t ,C ′zt ), t 6= t0, for u ∈ pi.
The quadratic cone containing the conics C∗t ,C ′xt has vertex
(0, (xtr2 + r t + zt + `)1/2, 1, t), t 6= t0;
the quadratic cone containing the conics C∗t ,C ′zt has vertex
(0, (xt + `)1/2, 1, t), t 6= t0.
Hence, up to projective equivalence, we obtain the hyperovals
Or = {(0, (xtr2 + r t + zt )1/2, 1, t) ‖ t ∈ GF(q)} ∪ {(0, 0, 0, 1), (0, 1, 0, 0)},
and
O∞ = {(0, x1/2t , 1, t) ‖ t ∈ GF(q)} ∪ {(0, 0, 0, 1), (0, 1, 0, 0)}.
Any generator of the cone K ′ defines just one of these hyperovals. These hyperovals are ex-
actly the elements of the herd of hyperovals defined by the flock F ′ (see Section 2).
REMARK 6.1. Starting from a partial flock of size k, the construction yields the corre-
sponding herd of (k + 2)-arcs; see also Storme and Thas [12].
REMARK 6.2. It is our intention to study also the pointsets in X0 = 0 arising from sets
{C1,C2, . . . ,Cq−1,W }, {C1,C2, . . . ,Cq−1,W } representing flocks F ′ and F ′ of K ′.
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